Abstract. Let X be a projective variety of dimension n and L be a nef divisor on X. Denote by ǫ d (r; X, L) the d-dimensional Seshadri constant of r very general points in X. We prove that
Introduction
Let L be a nef divisor on a projective variety X of dimension n. The Seshadri constant of dimension d ≤ n at r points p 1 , . . . , p r in the smooth locus of X is defined (see [14] ) to be the real number
By semicontinuity of multiplicities if the points are in very general position then the Seshadri constant does not depend on the actual points chosen (2.3). Thus one can define ǫ d (r; X, L) = ǫ d (p 1 , . . . , p r ; X, L)
where p 1 , . . . , p r is any collection of r very general points in X. We shall prove the following inequality comparing Seshadri constants of very general points X and those in projective space.
Theorem 1.1. Let X be an n dimensional projective variety, L be a nef divisor on X and r, s, d ≥ 1 be integers, with d ≤ n. Then
Remark 1.2. When d = 1 the Seshadri constant ǫ 1 reduces to the usual Seshadri constant as introduced by Demailly [5] , and in this case Theorem 1.1 is due to Biran [2] . When r = 1, d = n − 1 the Theorem is due to Roé [12] .
It is well known and not hard to see that ǫ d (r; X, L) ≤ n L n /r for d = 1 and d = n − 1 (see remark 1.4) . On the other hand, explicit values or even lower bounds are in general hard to compute. Thus Theorem 1.1 should be seen as a lower bound on ǫ d (rs; X, L), which will be useful if Seshadri constants on projective space are known. As an example, let us recall the most general form of a famous conjecture by Nagata: Conjecture 1.3 (Nagata-Biran-Szemberg, [14] ). Let X be an n dimensional projective variety, L be a nef divisor on X and 1 ≤ d ≤ n be an integer. Then there is a positive integer r 0 such that for every r ≥ r 0 ,
. . , n (which combined with the obvious equality ǫ n (r; X, L) = n L n /r gives the upper bound ǫ 1 (r; X, L) ≤ n L n /r). Standard arguments also show
. . n, so if the conjecture above holds for d = 1 then it holds for all d. In view of these facts, it is tempting to ask if the inequalities
In this context Theorem 1.1 implies, for instance, that if (1) the Nagata-BiranSzemberg conjecture is true for d-dimensional Seshadri constants on P n , and (2)
L n , then the Nagata-Biran-Szemberg conjecture is true for the ddimensional Seshadri constants of (X, L). See [12] for more applications along this line.
The proof uses the degeneration to the normal cone of r very general points of X. That is, let p 1 , . . . , p r be very general points in X and π : X → A 1 be the blowup of X × A 1 at points
is reducible, having one component which is the blowup of X at p 1 , . . . , p r (with exceptional divisor E i ≃ P n−1 over p i ) and r exceptional components F i ≃ P n , with each E i glued to F i along a hyperplane.
Regard a collection of rs points in X as coming from r sub-collections each consisting of s points. Shrinking A 1 if necessary for each 1 ≤ i ≤ r we can find s sections of π that pass through very general points in F i \E i . Then the inequality in Theorem 1.1 follows by showing that the existence of highly singular cycles at rs points of X implies the existence of highly singular cycles at rs points of the central fiber chosen at will, which means cycles with higher multiplicities at the s chosen points.
It is clear that this argument actually produces something stronger. For instance we do not have to divide the collection of rs points evenly: Theorem 1.5. Let X be an n dimensional projective variety and L be a nef divisor on X.
We can also consider weighted Seshadri constants as in [6] , defined as follows. In addition to the nef divisor L on X and r points p 1 , . . . , p r in the smooth locus of X, let a nonzero real vector ℓ = (l 1 , · · · , l r ) ∈ R r + be given with each l i ≥ 0. The Seshadri constant of dimension d ≤ n at these points with weights ℓ is defined to be the real number
Again by semicontinuity if the points are in very general position then the weighted Seshadri constant does not depend on the actual points chosen (2.3). Thus one can define
where p 1 , . . . , p r is any collection of r very general points in X. Theorem 1.6. Let X be an n dimensional projective variety, let L be a nef divisor on X, and let r, d ≥ 1 be integers with d ≤ n.
Since the L-degree and multiplicity at a point of a d-dimensional scheme coincide with those of the associated d-dimensional cycle, the Seshadri constant can be equivalently defined as
For convenience, we shall work with this definition.
Conventions: By a variety X we mean a possibly reducible reduced scheme of finite type over an algebraically closed uncountable field K. If X is a variety then a very general point p ∈ X is a point that lies outside a countable collection of proper subvarieties of X. We say that a collection of r points p 1 , . . . , p r is very general if the point (p 1 , . . . , p r ) ∈ X r in the r-th power of X is very general. The uncountable hypotheses on the base field guarantees that a set of very general points is nonempty and dense; over a countable or finite field claims on very general points are void and ǫ(r; X, L) is not well defined.
Preliminaries
2.1. Semicontinuity of Seshadri constants. Our proof of Theorem 1.1 will rely on the semicontinuity property according to which Seshadri constants can only "jump down" in families. When d = 1 this semicontinuity is well-known and comes from interpreting Seshadri constants in terms of ampleness of certain line bundles on a blowup of X [7, Thm. 5.1.1]. To deal with the general case d ≥ 1, let p : X → B be a projective flat morphism, and for b ∈ B, denote X b = p −1 (b). We assume that X is a variety, B is a reduced and irreducible scheme, and all the fibres X b are (possibly reducible) varieties. The following result, well known in singularity theory, follows from the Hilbert-Samuel stratification [8] such that
is the union of at most countably many Zariski closed sets of
Proof. Let Hilb d (X /B) denote the relative Hilbert scheme of subschemes of X of (relative) dimension d. It has countably many irreducible components, which are irreducible projective schemes over B (see [9] ). Let H be one of these components, and let H ⊂ X × B H → H be the corresponding universal family. By the standard properties of the Hilbert scheme, the intersection with L b is constant, i.e., L 
Since every d-dimensional subscheme is represented by a point in some component of the Hilbert scheme, it follows that
Thus, for each ǫ ∈ R, the set of tuples (p 1 , . . . , p r ) such that
hence the claim.
Remark 2.5. From the previous Lemma (2.3) applied to X = X, B = Spec K, for very general points p 1 , . . . , p r the Seshadri constant ǫ d (p 1 , . . . , p r ; X, L) and its weighted counterparts are independent of the points chosen, and thus ǫ d (r; X, L) is well defined. Moreover, (2.4) shows that
. Remark 2.6. If d = 1, then the infimum in (2.4) can be taken over all m and all components H of the Hilbert scheme of X in all dimensions (including, e.g., the isolated point corresponding to the whole variety X). Doing so, the NakaiMoishezon for R-divisors [3] implies that the infimum is attained by some H and m (see the proof of [13, Proposition 4] , and also [4] , [1] ) hence the set of values effectively taken by the Seshadri constant as points vary is either finite or countable.
Remark 2.7. For surfaces, a stronger version of Lemma (2.3) is known to hold. Namely a finite number of Zariski closed sets (hence a single one) suffices, and moreover the set of values effectively taken by the Seshadri constant is either finite or has exactly one accumulation point which is L 2 /r. This has been proved by Oguiso [10] for r = 1 and follows from Harbourne-Roé [6] for r > 1. Unfortunately, the methods used to prove such finiteness do not seem to extend to varieties of higher dimension.
Remark 2.8. For Seshadri constants at higher dimensional centers (i.e. measuring the multiplicities at non-closed points) as defined by Paoletti in [11] similar semicontinuity results hold; in this case, the Hilbert scheme has to be used as parameter space in the place of the rth product of the variety.
Proofs of Theorems

3.1.
Proof of Theorems 1.1 and 1.5. We start with Theorem 1.1 and consider the degeneration to the normal cone of very general points p 1 , . . . , p r in X. In detail set B = A 1 and let π : X → X ×B be the blowup at the pointsp i = (p i , 0) ∈ X ×B. The exceptional divisor F is a disjoint union F = i F i where F i = P(T pi ⊕C) ≃ P n is the projective completion of the tangent space T pi X of X at p i . We denote by q 1 , q 2 the projections from X × B to the factors and let q = q 2 • π : X → B. 
τ 2 is onto and proper, so (restricting to a smaller neighbourhood of 0 if needed) we may choose a section; denote by ζ : B → Z the composition of this section with the natural maps 
